Due to their low chemical time scales, the production of soot particles in turbulent di↵usion flames is highly impacted by large range of local strain rate fluctuations.
Introduction
Due to incomplete combustion, soot emissions have e↵ects on both human health and environment. Soot emissions are also considered as an important cause of global warming [1] . Consequently, important e↵orts are made both experimentally and numerically [2, 3, 4] to understand soot production mechanisms in order to control their emission.
Most of the combustion facilities are characterized by high Reynolds number flames where turbulent eddies are expected. The local strain rate usually fluctuates in a wide amplitude range and with random fluctuation frequencies [5] . These turbulent eddies are also responsible for variable length scale recirculation zones, introducing a wide range of residence times for soot particles, strong intermittency and dynamics features in soot production [6, 7] .
One of the most popular approaches used to simulate turbulent non-premixed flames is the flamelet approach, based on a quasi-steady response of the flame characteristics to the local strain rate fluctuations [8, 9] .
In the optic of applying such models to numerical simulations of turbulent flames, the response of soot to strain rate fluctuations can be investigated by looking at unsteady laminar counterflow di↵usion flames [10, 11, 12] . Specifically to soot context, previous experimental works have been performed in a di↵usion laminar flame by introducing sinusoidal velocity variations at both opposed nozzles [13, 14] . They showed that soot production response to these fluctuations was phase-lagged and damped when increasing the oscillation frequency. A particular hierarchical behavior was observed: soot volume fraction response is more phaselagged and damped compared to soot precursors response, which are also more phase-lagged and damped than the temperature response [15] . Cuoci et al. [16] numerically investigated these flames with good prediction of unsteadiness soot dynamics, confirming the experimental observations. Nevertheless, a lack of knowledge remained on the origin of soot response to unsteady strain fluctuations. Moreover, when computing counterflow di↵usion flames with unsteady velocities at the nozzle exits, a phase lag exists between the global strain rate and the local strain rate [16] , increasing the complexity of the phenomena.
The objective of the present work is to characterize the response of soot to strain rate oscillations and to identify the physical phenomena underlying the phase lag and damping observed in soot production. In order to avoid the phase lag between the global and the local strain rate, a strain-imposed formulation is considered in this work and unsteadiness is introduced by varying the imposed flame strain rate a(t) with time for a given pulsation !, an initial strain rate A 0 and fluctuation amplitude a 1 :
Both analytical and numerical approaches are considered in this paper to study the evolution of the soot precursors and of the particle size distribution (PSD) with the strain rate a(t).
The paper is organized as follows. First, an analytical model is proposed in Section 2 in the limit of a linear behavior, i.e. small oscillation amplitudes. This model predicts the unsteady response on the basis of steady flame results. Then, soot production in unsteady laminar flames is numerically studied using a detailed sectional model. The modeling strategy is introduced in Section 3. The flame response is then investigated for the configuration described in Section 4.1. The unsteady behavior is analyzed in Section 4.2 for di↵erent frequencies at small amplitude in terms of global quantities and PSD. Analytical results will be compared to the numerical ones in Section 4.3 to prove their validity. The causes of phase lag and damping in soot production will then be identified by combining information from numerical and analytical results. Finally, numerical simulations at high amplitudes are analyzed in Section 4.4 to completely characterize the soot response to unsteady strain rate oscillations and to discuss the limits of the analytical model.
Analytical model for pulsed sooted flames
In order to investigate the response of soot production to strain rate fluctuations, a linearized analytical model is developed in the following to predict the response of the maximum of a flame variable ✓ to strain rate oscillations at a given pulsation !. The complex form of the fluctuating strain rate a 1 (t) = a(t) A 0 is denoted byâ 1 
The corresponding response of the maximum value of
. This response is fully characterized by the transfer function
Starting from the previous works [10, 11, 12] , the transfer function is split into two terms: the transfer function T finite,✓ unst (!), introducing an equivalent steady strain rate A ✓ seen by the quantity ✓, and the transfer function T ✓ max |A ✓ steady (!), describing the response of ✓ max to the equivalent steady strain rate A ✓ .
Equivalent steady strain rate
Following [10, 11, 12] , under the assumption of infinitely fast chemistry, the unsteady flame acts at each time t as an equivalent steady counterflow flame at constant strain rate equal to the instantaneous strain rate A(t) verifying:
Assuming a linear response of A(t) = A 0 + A 1 (t) with a(t) = A 0 + a 1 (t), i.e. small fluctuations of a(t) around A 0 , the transfer function T inf unst (!) betweenÂ 1 (!) and a 1 (!) in the case of infinitely fast chemistry is given by:
When finite-rate chemistry is considered, the equivalent strain rate A ✓ for a given variable ✓ (T or Y k ) is given by [10] : 
To find the linearized response of A ✓ (t), A ✓ (t) and ✓ (t) are written as: A ✓ (t) = A 0 + A ✓ 1 (t) and ✓ (t) = ✓ 0 + ✓ 1 (t), where A 0 , ✓ 0 , are the values of respectively A ✓ (t), and ✓ (t) for the initial steady flame. By linearizing Eq. (4), one obtains:
Combining the Fourier transform of Eq. (5) and Eq. (3), the following transfer function T
. (6) 
Steady response of the maximum value
Once the equivalent steady strain rate A ✓ (t) is known, the flame response can be analyzed by looking at steady conditions. For ✓ 2 {T, Y k }, it has been observed that in the neighborhood of a given strain rate A 0 , the dependency of ✓ max for a steady flame with strain rate A is given by [17] :
with p ✓ a characteristic constant. Linearizing Eq. (7) with
However, the forthcoming comparison with the detailed computation demonstrates the requirement to introduce an additional delay in the response to the unsteady strain rate oscillations. Linking this delay to the chemical time seems particularly relevant for soot precursors and particles, whose chemistry is mainly sequential so that all the reactions necessary for the formation have to respond before getting the response of ✓ max . This delay is then assumed to be equal to the characteristic chemical time scale ⌧ ✓ of the quantity of interest ✓ defined in Appendix A: ✓ max (t) reacts then at the equivalent strain rate A ✓ (t ⌧ ✓ ). The validity of this hypothesis will be verified in Section 4.3. The response of ✓ max 1 (t) is therefore expressed as:
where
Transfer function T ✓ max (!)
From the definitions of ✓ 0 and ⌧ ✓ , ✓ 0 can be rewritten as
), a dimensionless parameter characterizing the steady response of the quantity ✓ to strain rate. Then, by combining Eqs. (6) and (8) 
with 9), it can be deduced that three nondimensional parameters are responsible for the phase lag and damping of the response of ✓:
• ⌘ compares the characteristic time associated to the strain rate A 0 to the imposed frequency f and is responsible for the filtering of the flow structure. The damping response of all the quantities increases when ⌘ increases.
• Da ✓ is directly responsible for the phase lag and damping response due to the low chemical time scale of the analyzed quantity ✓. The lower Da ✓ is, the more the response of ✓ max is phase-lagged and damped.
• ✓ , which represents the steady response of the quantity ✓ to strain rate, also contributes to the damping response of ✓ with unsteady strain fluctuations. For high values of ✓ , the damping response will be high.
This identified behavior is valid for all the quantities but is more significant in the case of species with large chemical characteristic time scales (Da ✓ ⌧ 1), which is the case of soot precursors and particles. Equation (9) allows the predictions of the unsteady response of ✓ from information on steady flames. Its validity will discussed, in particular for soot production, in Sec. 4.3.
Detailed modelisation of soot production
Parallely to the asymptotic analysis, the behavior of pulsed laminar di↵usion flames is investigated numeri-cally. In order to obtain an accurate numerical prediction of soot and its precursors, detailed models for both gas and solid phase are considered in this work and described below.
Sectional method for solid phase
The soot population is evaluated by using a sectional method. Each section i represents particles with a volume between V 
where ⇢ is the gas phase density, u is the gas velocity, v T is the thermophoretic velocity of the particles given in [18] , D s,i is the di↵usion coe cient of particles of the i th section defined in [19] , ⇢ s is the constant soot density (chosen equal to ⇢ s = 1860 kg/m 3 ) andQ s,i is the production rate of the soot volume fraction for the i th section accounting for nucleation, condensation, surface growth, oxidation and coagulation.
The models used to close this production rates are based on those used by Karkar el al. [20] . Several improvements have been made in the present work and are presented below.
Nucleation corresponds to the formation of the smallest solid particles. Here, the coalescence of two dimers is considered for the formation of these particles [21] . Condensation is considered as the coalescence of a dimer at a soot particle surface.
Dimers are formed from the collision of two polycyclic aromatic hydrocarbons (PAH). According to [22] , only the collision of PAH with four-aromatic rings and more is considered. Here, seven PAH have been considered, from the pyrene (A4) and up to the coronen (A7). A quasi-steady-state hypothesis is considered between their production from the gaseous phase and their consumption by nucleation and condensation [20] .
Soot surface reactions are responsible for both soot particles surface growth and oxidation. These phenomena are described through the HACA-RC mechanism [23] . The oxidation reaction by OH has been updated based on recent experimental results of [24] .
According to previous works [21] , big soot particles can not be considered as spherical particles. A soot particle of a given volume V and surface S is considered as a fractal aggregate of n p = S 3 / ⇣ 36⇡V 2 ⌘ primary spherical particles with a diameter d p = 6V/S . For each soot particle, S is estimated by fitting numerical results from [21] as a function of V by S /S C 2 = V/V C 2 2/3 for V < V 1 and S /S C 2 = V/V C 2 ✓(V)/3 for V > V 1 , with ✓(V) = 2 + 0.175log 10 (V/V 1 ) and V 1 = 320 nm 3 . V 1 denotes the volume from which a soot particle is no longer considered as spherical. S C 2 and V C 2 are respectively the surface and volume of a spherical molecule composed of two carbon atoms.
Particle nucleation and condensation as well as coagulation are described through the Smoluchowski equation [25] . This equation is expressed as a function of the collision diameter d c of the soot particles, calculated as in [21] as a function of d p , n p and their fractal dimension D f (chosen equal to D f = 1.8).
Gaseous phase description, radiation model and solving strategy
The detailed kinetic scheme KM2, due to [22] , has been considered in this study. It involves 202 species and 1 351 reactions, and has been validated for the estimation of PAH up to coronen.
A radiative source term has been added in the energy transport equation. It is computed at each point as a function of the absorbed and the emitted radiative powers [26] , which are expressed as a function of the corresponding detailed intensities. Radiative properties are expressed via a narrow-band model [26] . For the gaseous species, CO 2 , H 2 O and CO are considered as the main contributors in radiation fluxes. For soot particles, the absorption coe cient  ⌫,soot = 5.5⌫ f V is estimated as a function of the soot volume fraction f V and the wave number ⌫ [27] .
The above models as well as Eqs. (10) are introduced into a system of 1-D equations describing a counterflow configuration based on self similar approximation and imposed variable strain rate or injection velocity [28] . The coupled gas and soot sections transport equations are solved using the REGATH package [29] .
Validation test cases
The proposed modeling strategy has been first validated on soot prediction for:
show a fair agreement with the experimental data [30] obtained with the BSS (Burner Stabilized Stagnation) flame technique for laminar premixed ethylene flames.
• Response to steady strain rate ( Fig. 1) : the response of soot volume fraction as a function of the global steady strain rate has been reproduced numerically on the steady counterflow di↵usion 5 flame experimentally investigated by Decroix et al. [13] for three fuels. • Response to unsteady strain rate: an unsteady counterflow propane/air di↵usion flame has been investigated by imposing an oscillating velocity at the injection as experimentally done in [13, 14] . A phase lag of 125 between the minimum average soot volume fraction and maximum imposed velocity was experimentally observed for A 0 = 15s 1 , ↵ = 30% and f = !/2⇡ = 25Hz. With the numerical computation, a phase lag of 114 was obtained.
The good agreement of the numerical results with experimental data confirms the validity of the retained modeling strategy.
Detailed simulations of soot production in un-
steady laminar di↵usion flames at imposed strain rate
Numerical configuration
A counterflow propane/air di↵usion flame is considered here by varying the imposed strain rate a(t) from an initial flame at A 0 = 60 s 1 . Ten frequencies and three amplitudes have been considered. Pure propane and pure air stream, both at 294 K are supplied through the two opposed nozzles at a distance L = 12.7 mm, discretized with more than 400 points. For each studied frequency, ten signal periods were computed. Once the permanent regime was attained, the response of each variable was studied in terms of gain and phase lag.
PAH and soot particles response
Results for small strain rate fluctuations (↵ = 10%) are considered here. Figure 2 (left) presents the unsteady response of the soot maximum volume fraction and pyrene (A4) maximum mass fraction (the smallest considered soot precursor) to the unsteady imposed strain rate during two oscillating cycles. Quantities have been normalized with their respective steady values at the lowest and highest strain rates for three frequencies. The higher the frequency, the more f max V and Y max A4 fluctuations are dumped and phase-lagged. Looking at the results in the a-space (Fig. 2, right) enables a clear comparison with the quasi-steady solution (grey line). A quasi-steady response is observed at low frequency ( f = 0.1Hz), while for higher frequencies, solutions step aside from the steady results. The temporal evolution of the PSD is also studied here by looking at the four instants A.,B.,C.,D. of Fig. 2 separated by 90 in one pulsation period. Results for three frequencies are presented in Fig. 2 together with the quasi-steady state at the spatial position x soot , where soot volume fraction is maximum, close to the stagnation point. At each time, the PSD shows a bi-modal nature with one peak for small particles (generated by nucleation) and another for large aggregates (due to condensation and coagulation). In the quasi-steady case, from point A. to C. the characteristic flow time decreases (since a(t) increases), so that particles have less time to coagulate. The position of the aggregates peak translates then towards smaller diameter values: the higher the strain rate, the smaller are the aggregates composing the soot population. Inversely, from point C. to A., the strain rate decreases, particles have the time to coagulate and bigger aggregates populate the PSD.
The unsteady PSDs follow such dynamics, but their response is a↵ected by the phase-lag already observed on the global f V . Indeed, at f = 5Hz, the PSD responds in a quasi-steady way, whereas the phase-lag e↵ect is more and more evident on PSD for higher frequencies. The response of the PSD is also more and more damped so that at f = 60Hz only small PSD fluctuations are observed between the four instants. For high oscillation frequencies, the PSD is observed to not oscillate anymore since the oscillations are completely damped. 
Comparison with analytical predictions
In order to understand the processes governing the PSD evolution, results for the di↵erent sections are now investigated. Figure 4 presents the response in terms of gain and phase lag of maximum temperature, Y max A2 , Y max A4 , maximum soot mass fraction of two sections (sections 12 and 16, whose mean diameter are indicated in Table 1 ) and f max V . The response of precursors and soot is more phase-lagged and damped than temperature. Moreover, phase-lag and damping increases with their size (not shown for all precursors). Big particles are the main contributions to soot volume fraction, so that f V response is mainly governed by the last soot sections.
A good agreement is obtained between the numerical results (lines) and the analytical model (symbols) described in Section 2.2. Discrepancies are mainly observed at high frequencies but the hierarchical behavior between temperature, soot precursors and soot sections is well predicted. This confirms that soot dynamics are mainly governed by the three parameters identified with the analytical model. In particular, soot response is mainly due to its slow chemistry compared to the flame. To identify the main physical processes contributing to such a long chemical time, the characteristic time scales for nucleation (⌧ nu ), condensation (⌧ cond ), surface growth (⌧ sg ) and coagulation (⌧ coag ) have been estimated for di↵erent sections from the steady flame at A 0 following Appendix A. Table 1 presents these characteristic time scales normalized by the flame time scale (⌧ T = 0.31 ms) for five soot sections. All the characteristic time scales increase with the soot particle size, in particular for ⌧ cond and ⌧ coag which depend on the collisions rate. The particle number density of the last sections being smaller than for small particles sections, the number of particles available for collision is lower so that the characteristic time scales of collisional phenomena increases with the particle size.
The long characteristic time scale of f max V , governing the phase-lag and damping of the unsteady response, is then mainly due to condensation and coagulation phenomena of the biggest particles. represents the mean collisional diameter of a soot particle in the i th section.
In order to study the validity of the assumption on the induced delay time due to slow chemistry presented in Section 2.2, Fig. 5 presents the obtained numerical phase lag due to this delay time as a function of the ex-pected one. This phase lag is obtained by substracting to the obtained numerical phase lag ' num ✓ max (!) the theoretical phase lag of the equivalent steady strain rate A ✓ of the variable of interest ✓. Good results are obtained for all the species and temperature, which confirms the representativity of the chosen variable (⌧ ✓ ). Nevertheless, some discrepancies exist and future investigations are still needed in order to define in a more precise way this delay time. 
Numerical results at high amplitudes
In order to study the soot dynamics at higher amplitudes, computations have been performed for amplitudes ↵ of 30% and 60%. Table 2 for three amplitudes and three frequencies. The phase lag increases with the frequency in a similar way for all the amplitudes. The gain remains almost the same for ↵ = 10% and ↵ = 30%, but decreases for ↵ = 60%. The di↵erence of the numerical behavior between ↵ = 30% and ↵ = 60% highlights the non-linear e↵ects for such amplitudes, which cannot be described by the linear analytical model whose predictions do not depend on the perturbation amplitude.
Conclusions
Response of sooting propane-air counterflow di↵u-sion flames to imposed strain rate harmonic oscillations were numerically investigated with a detailed description for the gas and the solid phases. The unsteady behavior of soot particles and precursors production, as well as the PSD evolution, were studied both analytically and numerically. It has been observed that the higher the oscillation frequency is, the more PAHs and soot particles fluctuations are damped and phase-lagged so that unsteady solutions are farther and farther away Table 2 . Numerical analysis of the impact of the strain fluctuation amplitude (↵) on the pyrene maximum mass fraction and soot maximum volume fraction gain (G in dB) and phase lag (' in deg).
from the quasi-steady state. The phase-lag and damping increase with the size of PAHs and soot particles. An analytical model has been proposed to predict the observed phase lags and dampings assuming a linear behavior. Three non-dimensional parameters (⌘, Da ✓ and ✓ ) govern the unsteady response. Soot particles are characterized by long time scales mainly due to condensation and coagulation phenomena. Indeed, compared to the gas species, their dynamics, particularly the additional identified phase lag, are mainly governed by the Da ✓ parameter.
Therefore, models developped for numerical simulations of soot production in turbulent flames have to correctly reproduce these observed features in order to represent unsteady behaviors such as soot intermittency. On the one hand, these behaviors highlight the limits of flamelet regime assumption based on quasi-steady hypothesis, implying major complexities in modeling for turbulent calculations. In this sense, the presented results support the need for specific techniques [31] to account for PAHs response to unsteady strain rate fluctuations. On the other hand, the reduced models have to provide a good prediction of ⌘, Da ✓ and ✓ for PAHs and soot. As an example, representative soot precursors have to be chosen in terms of these three parameters in order to obtain the good unsteady behavior of soot production: large precursors dynamics (such as pyrene and coronen) have to be reproduced. The proposed analytical model will be very useful for the development of models that reproduce the dynamics of soot and their precursors in turbulent flames.
AppendixA. Chemical characteristic time scales
Species and flame characteristic time scales.
To study the unsteady response of each chemical species separately, the characteristic time scale ⌧ k for
